phase-gradient metasurfaces can be designed to manipulate electromagnetic waves according to the generalized snell's law. Here, we show that a phased parallel-plate waveguide array (ppWA) can be devised to act in the same manner as a phase-gradient metasurface. We derive an analytic model that describes the wave propagation in the ppWA and calculate both the angle and amplitude distribution of the diffracted waves. The analytic model provides an intuitive understanding of the diffraction from the PPWA. We verify the (semi-)analytically calculated angle and amplitude distribution of the diffracted waves by numerical 3-D simulations and experimental measurements in a microwave goniometer.
addition, we deliver an intuitive model that explains why incident waves are only diffracted into specific reflected and transmitted diffraction orders. Furthermore, we compare the analytic description with 3-D full wave numerical simulations and provide physical insight into the coupling mechanism between the waves in the PPWA. Finally, we fabricate a PPWA according to the geometric parameters used in the numerical and analytic model and compare the calculated diffraction pattern with the measured diffraction pattern obtained in a microwave experiment. theory Design. As described in the previous section, we use a PPWA for tailoring the spatial phase of the waves that are transmitted through or reflected from the PPWA. A schematic of the PPWA is illustrated in Fig. 1(a) . The array consists of a periodic arrangement of cells, each of which is comprised of M parallel-plate waveguides (PPWs). Hereby, the physical dimension of the waveguides are subwavelength with respect to the wavelength of the incident wave, while the (optical) size of the cells lies in the diffractive regime. Each cell has a width L and a length h. The width of the contained waveguides and the waveguide wall thickness are denoted by w and d, respectively. The material of the walls is assumed as perfect electric conductor.
The PPWs are individually filled by lossless material with refractive index n m , where m denotes the index of the PPW. We assume the material in the waveguides to be impedance-matched with vacuum, which implies that ε μ = n m m m and ε m = μ m where ε m is the relative permittivity and μ m is the relative permeability of the material in the m th PPW. The refractive index is given by n m = 1 + (m − 1)λ/hM with h = λ/(n max − 1), where λ is the wavelength of the incident wave in free space and n max is the maximal refractive index in the design. This refractive index distribution implies a spatial 2π-periodicity in the phase advance experienced by waves traveling from z = 0 to z = h through the m-th waveguide in neighboring cells.
For the remainder of the paper, we assume transverse magnetic polarization of the incident wave on the PPWA, as shown in Fig. 1(a) . The incidence angle (θ in ), reflection angle (θ r ) and transmission angle (θ t ) of the waves are defined with respect to the aperture normal of the PPWA. As shown in Fig. 1(b) , angles are counted positive in the upper left quadrant and negative in the upper right quadrant, while they are defined negative in the lower left quadrant and positive in the lower right quadrant of the coordinate system. The sign definition allows a clear identification of the diffraction orders of diffracted waves from the PPWA in reflection and transmission direction.
Analytic mode description.
While the generalized Snell's law predicts the directions under which waves are diffracted from a metasurface, it does not quantify the amplitude distribution of the diffracted waves 12, 13 . For adequate description of the PPWA, we used coupled mode theory to calculate the dependence of the angular amplitude distribution of diffracted waves on the angle of the incidence wave 15, 19 . We considered diffraction in both reflection and transmission direction of the PPWA. In more specific terms, we calculated the reflection and transmission coefficients of the PPWA in dependence on the incidence angle of the incoming wave.
For an analytic description, we divided the model into three distinct regions, as shown in Fig. 1(c) . Region I expands from z = −∞ to z = 0 and from x = −∞ to x = +∞. It contains the electromagnetic fields of the incident waves and the fields that are diffracted back from the boundary at z = 0. In region II with
], the transmitted waves from region I travel in the PPWA in the + z-and the −z-direction. Hereby, the waves in −z-direction originate from reflection at the boundary at z = h. ] includes the electromagnetic waves that are transmitted at z = h from the PPWA in region II into free space in region III. Based on this model, we describe the electric and magnetic fields of the the incoming waves by The l th order waves that are diffracted back into region I are described by the Floquet theorem corresponding to
where k x,l = k x + 2πl/L the x-component of the wave vector of the l th order diffracted wave,
2 the z-component of the wave vector of the l th order diffracted wave and r l the reflection coefficient of the l th order diffracted wave into region I.
The total electric and magnetic field in region I can be calculated by superposition of incident and back scattered fields as
In analogy, the fields that are diffracted into region III after propagation through the PPWA in region II can be expressed by
where t l denotes the transmission coefficient of the l th order diffracted wave into region III and η III indicates the wave impedance in region III. It should be noted that diffracted waves in region I and region III become evanescent for > k k x l , 0 and thus propagate as confined surface waves along the boundary between region I and region II, respectively between region II and region III. Surface waves are depicted as curved arrows in Fig. 1(c) .
For the analytic description of the field modes in the m th waveguide of the PPWA, we exploit that the waveguide width w is very small compared with the wavelength of the propagating waves in the ±z direction. Under this condition, only the fundamental mode can propagate in the waveguides and the electric and magnetic field can be described by
II m II m m m T , , 0 www.nature.com/scientificreports www.nature.com/scientificreports/ where + C m and − C m are the complex amplitudes of the fundamental mode in the m th waveguide. The (+)-sign in the indices refers to propagation in +z-direction, while the (−)-sign indicates propagation in −z-direction. η II,m denotes the wave impedance in the m th waveguide. The total electric and magnetic field in the m th waveguide is a linear superposition of the propagating modes according to
To solve our equation system, we must express the boundary conditions for E x and H y at z = 0 and z = h for each waveguide in the PPWA. For a detailed calculation, we refer to Supplementary Information, chapter 1.
From the boundary conditions, we obtain 
where δ 0l is the Kronecker delta and sinc(x) = sin(x)/x is the unnormalized sinc function. By solving the equation system (17) to (20) , we obtain the reflection coefficient r l and the transmission coefficient t l as well as the amplitudes + C m and − C m of the modes in the waveguides. For adequate consideration of the relative intensities of the waves in the different diffraction orders, we normalized the transmitted and reflected intensities by the factors cosθ t /cosθ in and cosθ r /cosθ in , respectively. Hereby, θ in represents the incidence angle of the wave, θ = − sin k k ( / ) t x l 1 ,
0 the propagation angle of the transmitted, respectively of the reflected wave in the l th diffraction order.
Results and Discussion
Comparison between the analytic model and numerical calculations. In order to test the validity of our analytic model, we chose an arbitrary PPWA configuration and numerically calculated the electric and magnetic fields of waves that are diffracted from the PPWA. For comparison, we calculated the propagation angles and the electric and magnetic field amplitude of the waves in the different diffraction orders by means of the analytic description. As an example, we chose a PPWA with 6 waveguides per unit cell and a ratio between wavelength and cell width of λ/L = 0.8. It is notable that the diffractive properties of the PPWA in back and forward direction are independent of the wave frequency as long as the ratios between the wavelength λ, the waveguide width w, the waveguide wall thickness d and the waveguide length h are constant. For later experimental verification in a microwave goniometer, we evaluated the analytic and numerical model for a wave frequency of 10.41 GHz, which corresponds to a wavelength of 28.9 mm in free space. For the maximal refractive index in the design we chose = . n 2 1 max . The width of the unit cell was L = 36 mm, the waveguide width w = 5 mm, the wall thickness d = 1 mm and the length of the waveguide h = 64.1 mm. Figure 2 shows the dependence of the intensity transmissivity ( Fig. 2(a) ) and reflectivity ( Fig. 2(b) ) of the diffracted waves from the PPWA on the incidence angle for diffraction orders from l = −2 to +2. Although we also calculated the transmittivity and reflectivity for diffraction orders l = −10 to +10, results for |l| > 2 are not displayed in Fig. 2 , since waves in those diffraction orders are evanescent for all incidence angles. As a result, they propagate as bound surface waves in x-direction along the waveguide apertures and do not radiate into free space. The calculated intensity transmissivity and reflectivity of the waves in diffraction orders l = −2 to +2 are also plotted in the color maps of Fig. 2(c,d) . The color maps provide simultaneous information about the dependence of the diffraction angle on the incidence angle of the waves and the intensity transmissivity and reflectivity into the different diffraction orders.
For incidence angles −90° < θ in < −80° according to their definition in Fig. 1(b) , more than 50% of the incident wave intensity is reflected into the diffraction order l = 0, see Fig. 2(b,d) , while less than 50% of the wave intensity is transmitted into the diffraction order l = +1 according to Fig. 2(a,c) . For smaller negative incidence angles −80° < θ in < θ crit ≈ 11.5°, the transmissivity into the diffraction order l = +1 increases to 1 and the reflection into the diffraction order l = 0 vanishes. In this regime, the transmitted wave is deflected in x-direction due to the phase gradient imposed on the propagating wave during transmission through the PPWA. At the critical incidence angle, the transmitted wave in the l = +1 diffraction order propagates at an angle of exactly 90° to the z-axis and thus becomes evanescent. As a consequence, the transmission into the l = +1 diffraction order becomes zero as soon as the incidence angle exceeds the critical angle. Our analytic calculation shows that the transmitted wave is completely diffracted into the l = −1 diffraction order for incidence angles θ crit < θ in < 37°, while the reflectivity remains zero. For incidence angles 37° < θ in < 80°, the reflection into the l = −2 diffraction order abruptly increases and the transmission into the l = −1 order decreases until all incident radiation is reflected into the l = −2 and l = 0 order. As can be seen from Fig. 1(b) , the reflectivity into the l = 0 order is symmetric with respect to the incidence angle.
Before providing a physical explanation for the dependence of the intensity distribution between the different diffraction orders in reflection and transmission, we validate the analytic results by comparing the calculated transmissivity and reflectivity and the diffraction angles with the corresponding quantities obtained from numerical calculations using CST Microwave Studio. In the numerical model, we defined the calculation domain by unit cell boundaries and applied Floquet ports with the same diffraction orders l = −10 to l = +10 as in the analytic calculation. The numerically calculated transmissivity, reflectivity as well as the diffraction angle dependence on the incidence angle are plotted in Fig. 2 (a) to 2(d) as dashed lines and are in excellent agreement with the analytic results.
With the aim of providing a more intuitive and physical explanation of the diffractive behavior of the PPWA below and above the critical angle of incidence, we analyzed the amplitude and phase advance of the waves in the waveguides and at the respective boundaries. In this context, we must also account for the initial phase of the waves at the boundaries between region I and region II that solely depends on the angle of incidence. As illustrated in Fig. 3(a) , the relative phase difference between waves at the entrance of neighboring waveguides at z = 0 can be calculated based on geometrical considerations as Δφ shift = sin(θ in )(w + d)2π/λ. The quantitative dependence of Δφ shift on the incidence angle θ in is plotted in Fig. 3(b) . In order to analyze the influence of the amplitude and phase advance of the waves in the waveguides on the diffractive properties of the PPWA, it is instructive to compensate for the dependence of the initial phase on the incidence angle by subtracting a value of (m + iM)Δφ shift at z = 0 for each waveguide. Hereby, i is the number of the considered PPWA cell and m is the index of the waveguide in the i th cell of the PPWA. In the following, we refer to such waveguide modes as phase-compensated modes.
First, we analyze the back diffraction at z = 0 for the compensated waveguide modes that are described by the phase-compensated complex amplitude − C m . Figure 4(a,b) show an excerpt of the amplitude and (compensated) phase of − C m at z = 0 in two cells of the PPWA for the example of an incidence angle of 21°. As can be seen from the plots, both the amplitude and the (compensated) phase of − C m at z = 0 are periodic with a periodicity of L/2, where L is the width of a cell. In other words, the PPWA acts like an amplitude and phase grating in reflection direction with an effective periodicity of L/2. This is an interesting finding, since the PPWA with a spatial periodicity of L obviously impregnates a periodic electromagnetic modulation on the waves with an effective periodicity that is only half of the spatial periodicity of the PPWA. With respect to the spatial periodicity L, we therefore only observe back diffraction into even numbered orders (… − − + + … , 4, 2, 0, 2, 4, ), according to a grating contribution of ⋅ = ⋅ π π n n 2 L L 2 ( /2) 2 for (n 0, 1, 2, = ± ± …). This behavior can be observed for all wave incidence angles equals zero for all incidence angles, which evidences the periodicity of L/2 for the wave modulation in the PPWA. The observation of back diffraction into solely even numbered diffraction orders for all incidence angles is in perfect agreement with the numerical and analytic calculations of the diffraction orders, as shown in Fig. 2(d) .
Second, we study the diffraction of the waves at the boundary between the PPWA and free space at z = h. The diffracted waves are described by the phase-compensated complex amplitude + C m . The amplitude and phase of + C m at z = h are plotted in Fig. 4(d,e) for the example of a wave incidence angle of 21°. While the amplitude of + C m within a cell is periodically modulated with a periodicity of L/2 (Fig. 4(d) ), the (compensated) phase of + C m changes periodically with a periodicity of L ( Fig. 4(e) ). It is peculiar that the phase of + C m of waves in waveguides in the second half period of a cell is shifted by 180° with respect to the phase of + C m of waves in waveguides in the first half period of the same cell. A calculation of −
within a cell lets us conclude that an identical amplitude and phase modulation can be observed for all incidence angles between −89° and 89°.
An intuitive approach to describe the observed 180° shift in the phase of + C m every half cycle is to picture the (compensated) phase of + C m as the result of a superposition of an L/2-periodic amplitude and phase distribution g(x), as in Fig. 4(f,g) , and a phase grating function h(x) that induces an L-periodic binary phase shift according to Fig. 4(h) . In other words, the complex + C m , i.e. the amplitude and compensated phase of + C m , can be described as the product of the L/2-periodic amplitude and phase distribution g(x) and an L-periodic binary phase grating function h(x). Both functions g(x) and h(x) can be described by a Fourier series according to
and a k is a complex Fourier amplitude. For the product f(
Details on the Fourier series expansion are described in Supplementary Information, chapter 2.
As can be seen from Eq. (23), the PPWA acts as an amplitude and phase grating that only diffracts transmitted waves into odd-numbered diffraction orders [2(k′ + k) + 1] with respect to the reciprocal (one-dimensional) grating vector 2π/L. This result agrees with the analytic and numerical calculations of the diffraction of waves after transmission through the PPWA, illustrated in Fig. 2(c) . Those calculations also indicate that waves are only transmitted into odd-numbered diffraction orders ( , 3, 1, 1, 3, … − − + + …) for all incidence angles. A similar Fourier approach to describe diffraction from a periodic surface was used e.g. in 40-42 . experimental results. For the experimental verification of the analytic calculations, we implemented a PPWA with 4 unit cells along the x-direction. Each unit cell consisted of 6 PPWs with a waveguide width w = 5 mm, wall thickness d = 1 mm (both in x-direction) and a waveguide length h = 53 mm (in z-direction) as described in Fig. 1(a) . The total aperture of the PPWA was 145 mm (aperture width in x-direction) × 160 mm (aperture height in y-direction). In our analytic model, we imposed a phase gradient on waves traveling through neighboring PPWs by filling the PPWs with impedance-matched material of different refractive index. In the fabricated PPWA however, we implmented the necessary phase gradient by loading each individual PPW with the similar non-impedance-matched medium, but varied the filling factor to control and change the optical www.nature.com/scientificreports www.nature.com/scientificreports/ path length in the different PPWs. In order to minimize reflection and loss from the filling material, we used Polytetrafluoroethylene (PTFE) as low-loss dielectric with a loss tangent tanδ = 0.0002 43 and a dielectric constant ε diel = 2.1 at a frequency of 10.41 GHz. The PPWs, numbered from 1 to 6, were filled by PTFE with a depth along the wave propagation direction of 0 mm, 11 mm, 21 mm, 32 mm, 43 mm, and 53 mm. The variation of the filling factor of the PPWs can be seen in the top view photograph of the unit cell in Fig. 5(a) , which is emphasized by the orange dashed line. In addition, we used small pieces of Airplac as stabilizing spacers at the exit aperture of the PPWs. Since the refractive index of Airplac FIXTIC is almost identical to the refractive index of air, the material does not influence the propagation of the waves in the PPWs.
We measured the angle-dependent transmission of the PPWA at its working frequency of 10.41 GHz by means of a Vector Network Analyzer (Keysight FieldFox N9918A) and a microwave goniometer in an anechoic chamber, as shown in Fig. 5(b) . The aperture of the emitting horn antenna of the goniometer was located at a fixed distance of 280 mm from the center point of the PPWA. To measure the angular dependence of the electric field amplitude of the diffracted waves, we moved the receiving horn antenna on a semicircle with a radius of 280 mm, measured as the distance between the center point of the PPWA and the aperture of the receiving horn antenna. We investigated the transmitted electric field distribution of the diffracted microwave field for two incidence angles, one at −21° below the critical angle, and the other at +21° above the critical angle. Since the measured and numerically calculated absolute electric fields of the diffracted waves differ due to non-determinable differences in the excitation power in the experiment and the calculations, we normalized all electric field amplitudes to the maximum of the electric field amplitude of the diffracted wave for an incidence angle of −21°. By that means, we were able to compare the relative angular electric field distribution of the diffracted waves in the measurement and the numerical simulation separately. Because the analytically determined diffraction fields were calculated under neglect of material loss and under the assumption of a PPWA with infinite aperture, we only computed the discrete diffraction direction and added it to the polar chart in Fig. 5 (c) without declaration of the amplitude distribution. Due to an assumed infinite aperture and plane wave excitation in the analytic model, the diffraction in the analysis occurs at discrete angles, while the finite waves in the experiment and the numerical calculations diffract into diffraction lobes. Figure 5 (c) depicts the polar chart of the normalized measured, the normalized numerically calculated angular amplitude distribution as well as the analytically calculated direction of the diffracted microwave electric field for the incidence angles of −21° (green lines) and +21° (blue lines). The green and blue arrows in the lower hemisphere indicate the direction of the incident radiation for the incidence angle of −21° and +21°. For the numerical calculations, we used the time domain solver of CST with open boundary conditions. The analytically and numerically calculated directions for the diffraction maxima are in perfect agreement. Also the measured angular distribution of the diffracted microwave electric field fits well with the theoretical calculations. Slight deviations between measurement results and theoretical results can be explained in terms of fabrication tolerances in the PPWA and systematic uncertainties in the measurement setup. The differences between the shape of the main and side lobes in the measurements and the numerical calculations may originate from the fact that the calculations assumed perfect plane waves for the incident microwaves. However, in the measurement, the incident microwaves were emitted by a horn antenna and the diffracted waves were measured by a second horn antenna, each at a distance of 280 mm from the center point of the PPWA. This implies that the wavefronts of the diffracted waves are measured in the far field (~10λ) and are not perfectly plane. Nevertheless, as predicted, microwaves are diffracted into the diffraction order l = +1 for an incidence angle below the critical angle. For an incidence angle above the critical angle, microwaves are transmitted into the diffraction order l = −1. During the angle scan, we did not observe any transmission into the diffraction order l = 0, which agrees with the theoretical predictions. www.nature.com/scientificreports www.nature.com/scientificreports/
Conclusion
We demonstrated a phased parallel-plate waveguide array (PPWA) that behaves equivalent to a phase gradient metasurface according to the generalized Snell's law. We developed an analytic model to describe the wave propagation in the PPWA and calculated both the angle and amplitude distribution of the forward and backward diffracted waves from the PPWA by means of coupled mode theory. Based on the analytic equations, we found an intuitive explanation for the diffraction of the waves into the different orders and understood the dependence of the diffraction angle on the incidence angle of the waves. In addition, we numerically calculated the electromagnetic fields inside and outside the PPWA and observed excellent agreement between the analytically and numerically obtained field distributions. Using a microwave goniometer, we confirmed that the theoretically predicted forward diffraction angles of the PPWA agree with the measured ones.
